Abstract. We construct Eisenstein series on arithmetic quotients of loop groups, give a convergence criterion, and compute their constant term in terms of the Riemann zeta function. We also give a description of certain measures which will provide in infinite dimensions, the convolution operators needed to obtain an analytic continuation. In the last two sections we discuss the question of volumes of arithmetic quotients, and we discuss various generalizations of our results.
Introduction
Some years ago we had developed the beginnings of a theory such as discussed here ( [ES] and also the remarks in the introduction to [CD] ). However the methods were ad hoc, and it was not clear how to proceed toward more substantial results, such as Eisenstein series from cusp forms on the reductive parts of parabolic subgroups, meromorphic continuation and volume computations. Over the last couple of years, however, we have made progress toward rectifying this situation. For one thing, we have now obtained a more natural argument (using the measure µ U on I U /Γ U , of §4, below) for proving Theorem 4.1 below. These arguments extend to more general Eisenstein series (we discuss this briefly in §7). But more importantly, we have now obtained new analytic results (see §5 below) which should lead to the meromorphic continuation.
To set the stage, let C be the l × l Cartan matrix corresponding to a complex, simple Lie algebra g of rank l, and letĈ denote the (l+1)×(l+1) affine extension of C (soĈ corresponds to the extended Dynkin diagram of g). We let g(Ĉ) be the complex, affine Kac-Moody Lie algebra associated toĈ and let h(Ĉ) g(Ĉ) denote a Cartan subalgebra, constructed from the standard presentation of g(Ĉ) by generators e i , f i , h i , i = 1, . . . , l + 1 (so h(Ĉ) is the linear span of the h i ). For a dominant, integral linear functional λ ∈ h(Ĉ) * , the dual space of h(Ĉ), we have the highest weight module V λ and we fix a Chevalley form V λ Z of V λ , as in [LA] . For any field k, we set V λ k = k ⊗ Z V λ Z , and we consider the ("complete") Chevalley groupĜ λ k Aut(V λ k ) (see [LG] and §2, below). We now consider the case when k = R, the real numbers, and setĜ =Ĝ λ =Ĝ λ R . We letΓ Ĝ denote the arithmetic subgroupΓ
We have the degree operator D operating on V 
In [LG2] we extended this construction to the Hilbert modular case, where we replaced Z by the ring of integers in a totally real, algebraic number field. In the present paper we will describe our results concerning Eisenstein series on the arithmetic quotientsĜe −rD /Γ.
Some basic constructions and definitions of groups and subgroups
We let h e (Ĉ) = h(Ĉ) ⊕ CD, the extended Cartan subalgebra, and we let ∆ ⊆ h e (Ĉ) * , the dual space of h e (Ĉ), be the set of affine roots. Then the extended, affine, Lie algebra g e (Ĉ) = g(Ĉ) ⊕ CD has a root space decomposition
where
}. The Kac-Moody generator e i spans a root space, which corresponds to a simple root α i . The set {α i } i=1,...,l+1 is a set of simple roots. We let∆± denote the corresponding set of ± roots. We let∆ W ⊆∆ denote the subset of Weyl roots, and set ∆ W,± =∆ ∩∆ ± . We recall that for α ∈∆ W , the space g α is one dimensional. The Lie algebra g(Ĉ) admits a Chevalley form 
The sum on the right is well defined when applied to an element v of V λ k , since in fact only finitely many terms (ξ
Among the elements of∆ we have the subset of classical roots ∆, which may be identified with the roots of the complex, simple Lie algebra g. We assume the simple roots are ordered so that ∆ is the intersection of∆ with the span of α 1 , . . . , α l . Also the elements of the set of imaginary roots∆ I =∆ −∆ W are the integral multiples of a single positive, imaginary root ι. Then the Weyl roots may be described as∆
For a commutative ring R with unit we let L R be the ring of all formal Laurent series σ = j≥j 0 a j t j , a j ∈ R, and we let O R ⊆ L R be the subring of all formal power series σ = j≥0 a j t j , a j ∈ R, and then set P R = tO R . For any commutative ring R with unit we let R * denote the units in R. For α ∈ ∆, σ = j≥j 0 a j t j , we set
again noting that when applied to an element v of
, this infinite product makes sense, since all but finitely many factors leave the element v invariant. We then letĜ λ k be the subgroup of Aut(V λ k ) generated by the elements
Continuing with the case of R = k, a field, we set
We also have elements:
We let I k ⊆Ĝ λ k , the Iwahori subgroup, be the subgroup generated by the elements χ α (σ), with either α ∈ ∆ + (= ∆∩∆ + ) and σ ∈ O k , or α ∈ ∆ − (= ∆∩∆ − ) and σ ∈ P k , and by the elements
We let I U,k ⊆ I k be the subgroup generated by the elements χ α (σ), with either α ∈ ∆ + and σ ∈ O k , or α ∈ ∆ − and σ ⊂ P k , and by the elements h α (σ), α ∈ ∆, σ ∈ O * k with constant term 1. We let A be the subgroup ofĜ
We letN be the subgroup ofĜ λ R generated by the elements w α (s) andĤ the subgroup generated by the elements h α (s), α ∈∆ W , s ∈ R * . ThenĤ is a normal subgroup ofN , and the quotient groupŴ is isomorphic to the Weyl group of g(Ĉ), and hence acts on each of the spaces h
* is left invariant under this action ofŴ . In the case when k = R or C, then in fact this action is induced by an adjoint action of the group N , which normalizes each of these abelian subalgebras, and for whichĤ acts trivially. For w ∈Ŵ , we set
It is a result of Kac that the Lie algebra g e (Ĉ) admits an invariant, symmetric, bilinear form ( , ), (see [K] ) whose restriction to h e (Ĉ) is nondegenerate. To each α ∈∆ corresponds a unique element h α in h(Ĉ) such that
The non-degenerate inner product (, ) on h e (Ĉ) induces then, an inner product (again denoted (, )) on h e (Ĉ) * . We set h ι = 2h ι /(α 0 , α 0 ), where α 0 ∈∆ is the highest root of ∆ ⊆∆.
The Iwasawa decomposition and fundamental domain
We first recall that the groupĜ has an Iwasawa decomposition. In order to describe this, we first recall that the Lie algebra g(Ĉ) has a compact form k(Ĉ) -see e.g., [LA] (so g(Ĉ) = C ⊗ R k(Ĉ) and the natural invariant inner product on g(Ĉ) is negative, semi-definite when restricted to k(Ĉ)), and that the representation space V λ admits a positive-definite, Hermitian inner product {, }, so that the elements of k(Ĉ) act as skew-Hermitian operators with respect to {, } (see [LA] ). We letK ⊆Ĝ be the subgroup
Now the groupĜ has an Iwasawa decomposition (see [LG])
(3.1)Ĝ =KAI U , with uniqueness of expression.
(where we set I U = I U,R ). Moreover, the automorphism µ(r) = e −rD , r ∈ R, of V λ R , normalizes the group I U , and so (3.1) implies (3.1 )Ĝµ(r) =KAµ(r)I U , r ∈ R.
We set A e = the set of all aµ(r), a ∈ A, r ∈ R. Each element α of∆ defines a character
of A e , with values in R >0 . For a real number s > 0, and for r > 0, we set
On the other hand the quotient I U /(Γ ∩ I U ) is naturally the inverse limit of compact nilmanifolds, and hence inherits the structure of a compact Hausdorff space (a point which will be very useful as we'll see later on). In [LG] and [LG2] , we constructed a fundamental domain I U,D for the right action, say, ofΓ ∩ I U on I U . Let r > 0. By a Siegel set, we mean a set S s ⊂Ĝµ(r), s > 0, of the form
In [LG], we had proved:
This theorem is of course in direct analogy with the classical results in the finite-dimensional case (see [Bo] ). Moreover, in [LG2] we extended this theorem to the Hilbert modular case, by constructing in that case a fundamental domain from Siegel sets, with finitely many cusps. In addition, in [LG] , Theorem 21.16, we proved for the situation of Theorem 3.1, that one has a theorem of parabolic transformations (again this parallels the finite-dimensional case). Those arguments go over to the Hilbert modular case as well. We also have, at least for r sufficiently large, that the double coset spaceK\Ĝµ(r)/Γ may be given, a natural locally compact, Hausdorff topology, such that further projecting modulo the center ofĜ, one obtains a compact, Hausdorff space.
Eisenstein series

An element ν of h(Ĉ)
* defines a quasi-character (still denoted ν) a → a ν from A to C * . We can then define a complex valued function Φ ν onĜµ(r) by
Of course, from the definition, we have
and setting Γ U =Γ ∩ I U , it follows that Φ ν may be regarded as a function on the double coset spaceK\KAµ(r)I U /Γ U , which given the compact topology on I U /Γ U discussed in §3, has a natural locally compact, Hausdorff topology. We let ρ ∈ h(Ĉ) * be defined by ρ(h i ) = 1, i = 1, . . . , l + 1. We let Γ M denote the subgroup of elements inΓ, which lie in the intersection ofK and the centralizer of A (the group Γ M is then a finite, abelian group). We let π :KAµ(r)I U → K\KAµ(r)I U /Γ U be the natural projection. We consider the infinite sum (4.1)
We then have the following Re ν(h i ) < −2, i = 1, . . . , l + 1.
In the event that (4.2) is satisfied and hence the series (4.1) does converge, we denote that infinite sum by E ν (gµ(r)) and call E ν an Eisenstein series.
As we said in §3, the space I U /Γ U is the inverse limit of an inverse family of compact nilmanifolds N i /Γ i , with Γ i a discrete, cocompact subgroup of the simply connected, (finite-dimensional) nilpotent, Lie group N i . Each of these compact nilmanifolds has an N i invariant, probability measure induced from a suitably normalized Haar measure on N i , and these fit together to define an I Uinvariant probability measure µ U on I U /Γ U . Thanks to the uniform convergence of Theorem 4.1, it follows that the Eisenstein series E ν (gµ(r)), when regarded as a function on the compact Hausdorff spaceK\Ĝµ(r)/Γ, is continuous, and
which is right invariant with respect to the group Γ U may be integrated to give a "constant term"
This constant term is then invariant with respect to left translation by elements ofK and also invariant with respect to right translation by elements of I U . Hence E # ν is completely determined by its values on elements of A (thanks to the Iwasawa decomposition (3.1)). Moreover one can compute this constant term explicitly: First we let ξ(s) be the normalized, Riemann zeta function
Then we have
Theorem 4.2. For an element a in A, we have
.
Toward the analytic continuation
The expression (4.3) suggests that the Eisenstein series E ν (g) derived from Theorem 4.1 has a meromorphic continuation to the region
The point is that when (5.1) holds, then the constant term E # ν has such a continuation, and one expects in analogy with the finite-dimensional case, that the same should be true for E ν .
When one compares with the finite-dimensional case, the first missing component for obtaining this continuation is that of suitable bi -K -invariant convolution operators, which yield for example, approximate identities. In the present situation we can obtain such operators as "measures", which provide integrals of sections of certain line bundles. We proceed to give a precise description of what we mean.
The subgroup A has a one-dimensional subgroup A cen in the center ofĜ (in fact A cen = A ∩ (center ofĜ), and we consider the spaces
Then we have a principal A cen fibration (5.2)
Then too, for each quasi-character σ of A cen , we have an associated line bundle L σ →X to the principal fibration (5.2). Then for example, taking σ = ν | A cen , the Eisenstein series E ν may be identified with a section of the line bundle L σ , which has some invariance with respect toΓ. We can easily give a precise description of this invariance property: for g ∈Ĝ, and h ∈Ĝ, we define g r h
i.e., we identify E ν with the function F ν onĜ, defined by
This indeed defines a section of L ν , as advertised, and
For a normal subgroup I ⊆ I U of finite codimension, we let
denote the projection. Each of the spacesX =K\K(A/A cen )I U /I is a locally compact Hausdorff space. We let B be the σ-algebra of Borel subsets ofX . On the spaceX, we let B be the smallest σ-algebra of subsets such that each of the projectionsω I is a Borel measurable map (ω
..l+1 denote the simple roots of g(Ĉ), as above. For each j = 1, . . . , l + 1, we set j = −{α j }. Then for each j = 1, . . . , l + 1, we have a direct product decomposition
where the Lie algebra of A j is the real span of the h i , i not equal to j. A cen has Lie algebra Rh ι , and a quasi-character σ on A cen is determined by the value u = σ(h ι ).
We have for each j = 1, . . . , l + 1, that the projection A → A/A cen induces an isomorphism A j ∼ = A/A cen . We may then identifyX withX j =K\KA j I U ⊆ X. For a quasi-character σ : A cen → C * , we let L σ be the space of all C-valued functions on X such that
and such that for j = 1, . . . , l (ii). Let σ be the quasi-character of A cen defined by the condition that σ(h ι ) = u. For a given j 0 such that j 0 = l + 1 or n j 0 = 1, and for f ∈ L σ such that f j 0 is m u,r,j 0 -integrable, we have that f j is m u,r,j -integrable for all j such that j = l + 1 or n j = 1, and
We set the common value of all these integrals equal to
and say that the section f is m u -integrable.
(iii). We have
(iv). 
Remarks on the volume of arithmetic quotients
We have defined in §4, the I U -invariant probability measure µ U on the compact Hausdorff space I U /Γ U . We now denote this measure by di. On the group A we have Lebesgue measure da. More precisely, every element a of A has a unique expression
We 
and as in §5, we may consider line bundles L(Γ) σ associated to quasi-characters σ of A cen . We let σ 0 be the restriction of −2ρ to A cen , and let f be a continuous section of L(Γ) σ 0 . Then fa 2ρ dadi can be shown to define a measure onȲ , which has finite volume. The problem then is to choose a natural f . However, this natural choice emerges, once we obtain the analytic continuation of the Eisenstein series. Indeed an examination of the expression (4.3) shows that the constant term E # ν (aµ(r)) has a pole at ν = −2ρ, coming from the simple pole of the Riemann zeta function at 1. The residue of the analytic continuation of the Eisenstein series E ν at ν = −2ρ would then provide a natural choice for f ! In the finite-dimensional case this residue is in fact the constant function, and thereby makes possible the volume computations in Langlands [L] . What we have here is a cancellation of anomalies strikingly analogous to the cancellation discussed for example in [FGZ] , in connection with the no-ghost theorem!
Further generalizations and speculations
The results described here can be generalized in various ways. Theorem 4.1 can be generalized to Eisenstein series corresponding to more general "K-types", and to Eisenstein series defined from nonminimal parabolic subgroups and corresponding to cusp forms on the reductive parts of those parabolics. One can also extend the theory of Eisenstein series to Hilbert modular loop groups as described in [GL2]. One should also be able to extend the theory to other Kac-Moody and generalized Kac-Moody groups. In particular, the Z-form of Borcherds [B] , for the universal enveloping algebra of the fake monster Lie algebra provides an analogue in that case to our Z-form for the universal enveloping algebra of a loop algebra (see [LA] ), and so suggests that one could treat that case as well. However, the form of the constant term in (4.3) suggests that one will be constrained by the convergence properties of Weyl characters, in whatever context one is working. Also, the theory of the fundamental domain will only make sense for part of the arithmetic quotient in general, as one must prove that appropriate functionals achieve maximal values overΓ.
